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ABSTRACT 
Let K be a convex set in R2 such that every line in [w2 meets K +Z2. We prove 
that aK + Z2 = lR2 for a > 1+ $fi, and that this bound is best possible, thus solving 
a problem of Kannan and Lovk 
1. INTRODUCTION 
Let K be a convex set in R2 such that each line in R2 meets K + b2. 
Kannan and Lovbz raised the question whether this implies that 2K + Z” 
covers R”, and proved this to be true for centrally symmetric convex bodies 
[l]. In general, however, this does not hold. Let r* denote the convex hull of 
(O,O), (1 - 6, 11, and (2 - fi, 6 - 1). F or a counterexample we take K = r*. 
Then K + E2 meets every line in iR2, as is easily verified-see Figure 1. On 
the other hand, crK+Z2#R2 for O,<c~<l+$fi, since i(l,l+fi)- 
~(0, 1) @ LYK + h2 for E positive and sufficiently small. Notice that 1 + ifi = 
2.155. 
We will show that this is a worst-case example. Furthermore it is, in 
some sense, unique. Let .Y denote the set of triangles in R2 arising from 
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FIG. 1. 
(1+$5>,* by t ranslation and transformation with an 
determinant f 1. We prove the following 
MAIN TIIEOREM. Let B be a convex set such that - 
integer matrix with 
int(B)+Z” # Iw”. If 
clos(B) GC L7, then there is a y, 0 < y < 1+ 543, and a line not meeting 
(y-‘)B + Z”. Here int(.) and clos(.) denote the interior and closure, respec- 
tively, in the usual Euclidean topology. 
RENARK. The triangles in Y are in some sense symmetric. To see this 
one easily constructs a one-to-one function 1I’ : R” -+ R” mapping the lattice 
L” onto the lattice of regular triangles, so that for some 6 E 7, q(6) is an 
equilateral triangle not containing any lattice point in its interior, and with 
sides making an angle of T/U with the sides of a lattice triangle- 
see Figure 2. 
Before proving the main theorem we give some corollaries. 
COHOLLARY 1. Let B be a convex set such that int(B)+ Z” f [w”. Then 
for each y, y > 1 + $fi, there exists a line not meeting (y - ‘)B + Z”. 
COROL.LARY 2. Let LY 2 0. Then we have aK + if2 = lR2, for each convex 
set K in R” such that every line in R2 meets K + Z2, if and only if (Y > 
1++. 
We leave it to the reader to verify that these corollaries are indeed 
straightforward consequences of our main theorem. 
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2. PROOF OF THE MAIN THEOREM 
Let B be a convex set such that int(B)+Z’ z R2. Then clearly B is the 
translate of a convex lattice-point free set. Here a set C c R? is called 
lattice-point free with respect to a lattice -8 c R2 if we have int(C) n -8 =0. 
If no lattice is specified, then we take by convention the integer lattice Z2. 
For our proof we need to study only the case that B is an inclusionwise 
maximal convex lattice-point free set. Then it is clear that B must be closed 
and that one of the following holds: 
[l] B is a line with an irrational slope; 
[2] B is an infinite strip with lattice points on both sides; 
[3] B is a triangle with one lattice point zi (i = 1,2,3) on each of its sides; 
[4] B is a quadrilateral with one lattice point zi (i = 1,2,3,4) on each of 
its sides. 
For k = 1,2,3,4, we calculate cp( k > := min{t 1 t > 0, and for each B of type [k ] 
and for each LY > t there is a line not meeting (Y- ‘B + Z2). 
We claim that ~(1) = 0, (p(2) = 1, rp(3) = 1 + +a, (p(4) = 2. 
The first two cases are trivial, and we leave it to the reader to verify 
them. For case [3] one should remark that: 
{zl, z2, z3} generates the complete lattice, (1) 
i.e., for all z E Z2 there exist integers U, o, w with u + u + w = 1 such that 
z = uzl + oz2 + wzg. This also holds for each triple taken from (z1,z2,z3,zq} 
in case [4]. We use this property in the calculation of (p(3) and (p(4). 
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Proof of our claim that (p(4) = 2. Let B be of type [4]. From the 
observation (1) it follows that we can find a unimodular transformation 
mapping (zl,zz,.zg,zq} onto the set of vertices of the unit square, ((O,l>, 
(O,O), (LO), (1,l)). Hence we may assume that B is a quadrilateral with sides 
passing through (O,O), (0, 11, (LO), and (1, 1). We show by means of elemen- 
tary calculations that 
min max eTXG2. (2) 
i=l,!zrEB-B 
From this it follows directly that (p(4) = 2, as there are numerous examples 
for which the inequality is tight. Consider the Figure 3. We have ad = 
(~(1 - 6), ab = p(l - a), bc = y(1 - PI, cd = SC1 - 7). Hence 1 -(a + c) 
(b + d)= l-ab-ad-cb-cd= l-p(l-a)-c~(l-S)-y(l-P)-6(1-y)= 
(1 - p - 610 - (Y - 7) = [a(1 - 6)y(l- p) - cYpysl[/?(l- cuX%l - r> - 
cu@y6]/(~py6 = [abed - aPy6]2/o~y6 z 0. From (b + dXa + c) 6 1 we 
conclude that min{a + c + 1, b + d + l} < 2. n 
Proof of our claim that (p(3) = 1-t ffi. Consider three lattice points 
(affinely) generating the lattice: a, b, and c, say. Without loss of generality 
we take the centroid of the triangle A (abc) as the origin. Considering a, b, c 
as vectors in Iw’, we then have a + b + c = 0. Let A, B, C denote the sides of 
the triangle opposite to a, b, and c, respectively, and let na, n!,, n, denote 
normal vectors perpendicular to A, B, and C, so that 
- n’,a = 2nT,b = 2n:c > 0, 
- nib = 2ntc = 2nia > 0, (3) 
- nTc = 2nTa = 2nTb > 0. c c c 
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FIG. 4. 
(See Figure 4.) Then the altitudes of the triangle are hi := - $nIi for 
i E {a, b, c). 
For a compact set K in R2 we define the width of K with respect to 
A(&) as fOllOwS: 
w(K):= min max n:(/hi. 
is(a,b,c) [SK-K 
(4) 
We will consider triangles 6 in R2 with vertices x, y, and z, opposite sides 
X, Y, and 2, respectively, such that 
(i) 6 has no lattice points in its interior; 
(ii) a, b, and c on the inner parts of X, Y, and Z, 
respectively. 
(5) 
An example is given in Figure 5. Our object is to show that w(6) Q 1-t ifi. 
The following expression says that a, b, and c are on the inner parts of 
the sides X, Y, and Z, respectively: 
forsomeh,p,u withO<A,~,v<landA+A=~+~==++=l. (6) 
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FIG 5. 
So we can parametrize the set of triangles G(xy~) under consideration by 
inverting the matrix, and we find 
From the fa .ct 
-jzv vh 
jIii7 -CA (7) 
CLV vh 
that none of the lattice points -2a, -2b, -2c can be in the 
interior of triangle 6, it is easily seen that we may assume without loss of 
generality the following (as illustrated in Figure 5): 
(Note that this assumption affects the symmetry we had before.) These 
conditions can be translated in terms of A, w, v and then yield 
A+p>l, p+v>,l, v+h>l. (9) 
To see this note that e.g. - n:a_= 2nT,b = 21~ > 0, so n’,y > n’,a e @aTn, 
- AiJbTn, + ApcTna >(Apv + AjG)aTn, 0 -2jZU - AS + Ap > -2(Apv 
+ AjG) a 3A(l- jI - E) 2 0, whereas n’,z < n’,a e 3x(1 - p - v) < 0. 
Hence n’,y>n:a>n:z a p+v>l. 
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The width of triangle 6 is now easily calculated and given by 
w(6) = 
min{A, P  ~1 
Apu + Ajz (10) 
[As an example we show how to calculate max5 Es_s rz’,S/ h,: Clearly the 
maximum is attained by 5 = x - z, 
zTn,=[(-+-j.4 ) 
and using (7) we find n:(r - z) = zk, - 
v urn,_+ (vh - uQ&r, + (A; + hv>cr?J,]/(A~v + &CL”) = 
[( - j.iv - /_u>- +A - CA)- $(hjZ + &)]aTn, /(A/M + AjG) = - $zTnU / 
(A/U + AjZ).] 
For m:= min{A,~,v}# Owedefine F := F(A,p.,v):=[2~;(6)]-~. We show 
that F(A,~.,v)~(l+~~)-‘=2~-3 for O<A,p,v<l, A+I_L>~, p+v 
> 1, v + A 2 1. There are two cases to be considered: 
Cusel: m=A<~.ThenA&~>A,~>~,v>~,andwehave 
Apv + iil_LC 
F= 




Case 2: m > $. Define s := A + p + v; then s > 3m and 2(Ap + pv + 
vA)-s=(A+~-l)v+(~+v-l)A+(v+A-1)~>[2(A+~+v)-3]m 
= (2s - 3)m. It follows that 
F= 
A/U + hjSic 1-(A+/~+v)+(hp+$-v+vA) 
= 
m m 






Notice that F = 26 -3 if and only if m = A = p = v = l/a. This 
means that the optimum for max w(6) is uniquely determined up to the 
choice of the sign of n’,<y - a) [cf. the assumption (S)]. This remark con- 
cludes the proof of our claim that (p(3) = 1 + tfi. n 
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Using the facts that (p(3) = 1 + tfi > 2 and that the optimum for (p(3) is 
more or less uniquely determined finally settles the proof of the main 
theorem. w 
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